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SMOOTHNESS OF ISOMETRIC FLOWS ON ORBIT SPACES
AND APPLICATIONS TO THE THEORY OF FOLIATIONS
MARCOS M. ALEXANDRINO AND MARCO RADESCHI
Abstract. We prove here that given a proper isometric action K ×M → M
on a complete Riemannian manifold M then every continuous isometric flow
on the orbit space M/K is smooth, i.e., it is the projection of an K-equivariant
smooth flow on the manifold M . As a direct corollary we infer the smoothness
of isometric actions on orbit spaces. Another relevant application of our result
concerns Molino’s conjecture, which states that the partition of a Riemannian
manifold into the closures of the leaves of a singular Riemannian foliation is
still a singular Riemannian foliation. We prove Molino’s conjecture for the
main class of foliations considered in his book, namely orbit-like foliations.
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1. Introduction
Given a Riemannian manifoldM on which a compact Lie groupK acts by isome-
tries, the quotient M/K is in general not a manifold. Nevertheless, the canonical
projection π : M → M/K gives M/K the structure of a Hausdorff metric space.
Moreover, following [20], one can define a “smooth structure” on M/K to be the
R-algebra C∞(M/K) consisting of functions f : M/K → R whose pullback π∗f is
a smooth, K-invariant function on M . If M/K is a manifold, the smooth struc-
ture defined here corresponds to the more familiar notion of smooth structure. A
map F : M/K → M ′/K ′ is called smooth if the pull-back of a smooth function
f ∈ C∞(M ′/K ′) is a smooth function F ∗f on M/K.
These concepts can actually be formulated in the wider context of singular Rie-
mannian foliations (SRF for short). A singular foliation F is called Riemannian if
every geodesic perpendicular to one leaf is perpendicular to every leaf it meets. The
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decomposition of a Riemannian manifold into the orbits of some isometric action
is a special example of a singular Riemannian foliation, that is called Riemannian
homogeneous foliation. Given a singular Riemannian foliation (M,F) with compact
leaves, one can define a quotient M/F and again endow it with a metric structure
and a smooth structure, exactly as for group actions.
In [20, Corollary 2.4] Schwarz proved that given a proper actionK×M →M each
smooth flows on the orbit space M/K is a projection of an K-equivariant smooth
flow on the manifold M , and hence solved Bredon’s Isotopy Lift Conjecture; see
details in [20].
Our main result concerns with smoothness of continous flow of isometries (i.e.,
continuous 1-parameter groups of isometries) on orbit spaces.
Theorem 1.1. Let M be a complete Riemannian manifold and K ×M → M a
proper isometric action. Let
ϕ :M/K × I →M/K
be a continuous flow of isometries on the orbit space. Then ϕ is smooth, and hence
it is the projection of an K-equivariant flow on M .
Remark 1.2. Along the proof of the theorem, we will only assume that the action
is a proper action and that the orbits of the action are leaves of a SRF F on M .
This mild generalization includes the case of proper isometric actions and is more
suitable for the proof the theorem.
The above result implies the next corollary; see details in Section 4.3.
Corollary 1.3. Let K × M → M be a proper isometric action on a complete
Riemannian manifold M . Let H be a connected Lie group acting by isometries on
M/K. Then the action H × (M/K)→M/K is smooth.
Remark 1.4. Recently, there have been some papers devoted to the study of isome-
tries of singular spaces. In [8] Colding and Naber proved that isometry group of any,
even collapsed, limit of manifolds with a uniform lower Ricci curvature bound is a
Lie group. In Proposition 6.8 we will briefly discuss the particular case of group of
isometries of a leaf space, proving that each connected compact group of isometries
of M/F is a Lie group. In [12] Galaz-Garcia and Guijarro determined the maximal
dimension of isometry group of Alexandrov spaces. In [13] Gorodski and Lytchak
investigated classes of orthogonal representations of compact Lie groups that have
isometric orbit spaces. Finally in [5], we proved that if F is a closed SRF on M ,
then each isometry in the identity component of the isometry group of M/F is a
smooth map.
Flows of isometries on the leaf spaces of foliations appear naturally in the study
of the dynamical behavior of non closed singular Riemannian foliations. Recall
that a (locally closed) singular Riemannian foliation (M,F) is locally described by
submetries πα : Uα → Uα/Fα, where {Uα} is an open cover of M and Fα denotes
the restriction of F to Uα. If a leaf L is not closed, one might be interested to
understand how it intersects a given neighborhood Uα, and in particular how the
closure L of L intersects Uα. It turns out that the projection πα(L ∩ Uα) (that is
contained in the local quotient of a stratum) is a submanifold, which is spanned by
continuous flows of isometries ϕα on Uα/Fα, cf. [15, Thm 5.2]. Therefore, in order
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to better understand the closure of L, it would be relevant to understand if these
flows admit smooth lifts.
The above discussion already suggests that Theorem 1.1 should be a useful tool
in the study of dynamical behavior of singular Riemannians foliations and should
help to solve Molino’s conjecture in important cases.
Conjecture 1.5 (Molino). Let (M,F) be a singular Riemannian foliation. Then the
partition F given by the closures of the leaves of F is again a singular Riemannian
foliation.
Molino himself proved the conjecture for regular Riemannian foliations, i.e., fo-
liations where all the leaves have the same dimension; see [15]. In [1], the first
author proved the conjecture for polar foliations, i.e., foliations admitting a to-
tally geodesic submanifold transveral to the regular leaves and which meets every
leaf perpendicularly. Recently, the first author and Lytchak remarked in [4] that
Molino’s conjecture holds for so-called infinitesimally polar foliations which, locally
around each point p ∈ M , are foliated diffeomorphic to a polar foliation. This is
equivalent to saying that any local quotient Uα/Fα is an orbifold; see also [3].
In this paper we prove Molino’s conjecture for the class of singular foliations
considered in his book, namely orbit-like foliations; see [15, p. 210] for Molino’s
description about the state of the art of the known foliations at that time. Recall
that a singular Riemannian foliation is called orbit-like foliation, if its restriction to
each slice is diffeomorphic to a homogeneous foliation; see Section 3 for definitions,
examples and remarks.
Theorem 1.6. Let F be an orbit-like foliation on a complete Riemannian manifold
M. Then the closure of the leaves of F is a singular Riemannian foliation.
Remark 1.7. As we will see in Corollary 6.18, if F is a closed orbit-like foliation,
then for each point of the leaf space M/F one can find a neighborhood that can
be identified with (N/G)/H where G is a compact group acting on a submanifold
N of M and H is a pseudogroup of isometries acting on N/G. This provides a
local description of M/F and its smooth structure. This kind of result may be
interesting in the study of proper groupoids and integrable Poisson manifolds [9].
According to [10] and [18], the orbits of the proper groupoids are, at least locally,
described as leaves (plaques) of orbit-like foliations for the apropriate metric. In
particular, when M is compact, they can be seen as leaves of orbit-like foliation on
a compact manifold. On the other hand, recall that the orbits of a proper groupoid
are closed. Since there exist orbit-like foliations with non closed leaves, they are
not orbits of proper groupoids.
This paper is organized as follows. In Section 2 we briefly sketch the proofs of
Theorems 1.1 and 1.6. In Section 3 we review, based on [5], some basic concepts such
as singular Riemannian foliations, infinitesimal foliations, orbit-like foliations and
flows of isometries on leaf spaces. In Section 3 we also provide a quick introduction
to the new tools, namely blow-up functions and reduction of a foliation that are
used in the proof of the main theorems. In Section 4 and Section 5 we prove
Theorem 1.1 and Theorem 1.6 respectively. Finally in Section 6 we give the proofs
of the new tools.
Acknowledgments. The authors are very grateful to Alexander Lytchak for inspir-
ing the main questions of this work and for his insightful comments and suggestions.
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2. Sketch of proof of the main results
For the sake of motivation, in this section we provide some ideas of the proofs of
the main results. Technical aspects of the proofs will be discussed in later sections
of the paper.
2.1. Sketch of proof of Theorem 1.1.
2.1.1. Euclidean case. In what follows we briefly give an idea of proof of Theorem
1.1 in a particular but important case.
We assume that:
(1) M = Rn
(2) K is a closed subgroup of Iso(Rn).
(3) The foliation is the partition of the ambient into the orbits, i.e., F :=
{K(p)}p∈Rn
(4) there exists a C1-flow ϕ on Rn/K,
(5) Theorem 1.1 is already valid for foliations with lower singularities.
We want to prove that the flow ϕ is smooth. This is equivalent to saying that
for each K-invariant smooth function h : Rn → R the function uh : R
n × I → R
defined as uh(x, t) := (ϕ
∗
th)(x) is smooth.
Firstly, recall that the mean curvature vector field ~H of the principal K-orbits
projects to a well defined vector field on Rn/K and its projection is preserved by
every isometry ϕt; see [5].
Secondly, note that isometry ϕt also preserves the Laplacian operator on the
orbit space of the principal strata.
Finally, recall that the Laplacian △ of the principal stratum (Rn)princ. can be
obtained from the Laplacian △ = △(Rn/K)princ. on its orbit space (R
n/K)princ. by
the following equation:
△h = △h− 〈∇h, ~H〉.
Since ϕt preserves both summands in the right-hand side of the above equation,
we infer that △ϕ∗th = ϕ
∗
t △ h holds in the principal stratum.
Therefore, as remarked in [5], the following equation holds in a weak sense
△ϕ∗th = ϕ
∗
t △ h,
where △h denotes the Laplacian operator.
Set uh(·, t) := ϕ
∗
th and f(·, t) = −ϕ
∗
t (t)△h+
d
dtuh(·, t). From the equation above
the following equation holds in a weak sense
d
dt
uh −△uh = f.
This equation motivates us to consider the results of regularity of parabolic
equations to prove that uh is smooth. The regularity theory of parabolic equations
requires some compatibility conditions. These conditions can be checked using the
assumption that Theorem 1.1 is already valid for foliations with lower singularities,
blow-up of F and some properties of a class of functions that we have called “blow-
up functions”. Once these conditions have been checked, we can apply the regularity
theory and a bootstrap type argument to conclude that uh is smooth.
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2.1.2. General case. Let us now say a few words about the proof of the theorem in
the general case. As we will see later, it will be possible to reduce our problem or
to the Euclidean case or to the folowing situation:
(1) F = {K(p)}p∈N is an homogenous SRF (i.e, the leaves are orbits of a
compact group K) on a trivial fiber bundle N → Y , where N = X×Y and
Y = Ris an integral curve of ϕ.
(2) there is a metric gN such that the fibers Xt := X × {t} are flat but not
necessarly totally geodesic.
(3) ϕ may not be a flow of isometries in the quotient (N, gN)/F but, for each
fixed t, the flow ϕ induces an an isometry
φ(t) : X0/F := (X × {0})/F → Xt/F := (X × {t})/F
defined as φ(t)(x∗) := ϕ(x∗, t).
We will divide the proof of the smoothness of ϕ into two steps.
In the first step, we fix the fiber X0 := X × {0} and prove the smoothness on
X0 × I. In other words, for each basic function h, i.e., a K-invariant function, we
prove that the map (x, 0, t) 7→ ϕ∗h(x, 0, t) is smooth. This is the most important
step. Set uh(·, t) := φ(t)
∗h and f(·, t) = −φ∗(t) △ h + ddtuh(·, t). Here △ is the
Laplacian on the fiber. Since the fibers are flat, one can follow the same argumets
used in the proof of the Euclidian case and get the next equation in weak sense
d
dt
uh −△uh = f.
Again, like in the Euclidean case we can apply the regularity theory, blow-ups and
a bootstrap type argument to conclude that uh is smooth on X0 × I, i.e., the map
(x, 0, t) 7→ ϕ∗h(x, 0, t) is smooth.
In the second step of the proof, we extend the smoothness of ϕ to the whole
(X × Y )/F × I. In other words, we prove that the map (x, y, t) 7→ ϕ∗h(x, y, t) is
smooth for each basic function h. This is done using the inverse function theorem
on orbit spaces [20] and the fact that ϕ is a flow.
2.2. Sketch of proof of Theorem 1.6. We first need some definitions and nota-
tions. Let
(1) Σ be a minimal stratum,
(2) D ⊂ Σ be a slice at q ∈ Σ to the foliation F|Σ,
(3) N := exp(νΣ|D)∩Bǫ(D) where νΣ|D denotes the restriction of the normal
bundle of Σ to the slice D,
(4) F0N := F ∩ N be the foliation induced on N.
The difficult part of the proof of Molino’s conjecture is to prove that the closure
F of F is a singular foliation; see Definition 3.1 below. More precisely, our goal
is to prove that for each given vector v ∈ TqD tangent to Lq ⊂ Σ, there exists a
smooth vector field ~Y tangent to the leaves of F so that ~Y (q) = v.
Using singular holonomy and desingularization we prove that there exists a con-
tinuous flow of isometries ϕ on (N, g˜)/F0N such that πF0N ∗
v is tangent to the integral
curve of ϕ. Here πF0
N
is the canonical projection and g˜ is a metric on N so that
(N,F0N) is a singular Riemannian foliation with the same transverse metric of F ,
i.e., the distance between leaves of F0N is the same as the distance between the
plaques of F that contain such leaves.
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Since F0N is homogeneous, we can apply Theorem 1.1 and conclude that ϕ is
smooth. The existence of ~Y follows from Schwarz’s Theorem [20] that allows us to
lift smooth flows on the orbit space to smooth flows on the manifold.
3. Preliminaries
3.1. Singular Riemannian foliations. Let us recall the definition of a singular
Riemannian foliation.
Definition 3.1 (SRF). A partition F of a complete Riemannian manifold M by
connected immersed submanifolds (the leaves) is called a singular Riemannian fo-
liation (SRF for short) if it satisfies condition (a) and (b):
(a) F is a singular foliation, i.e., for each leaf L and each v ∈ TL with footpoint
p, there is a smooth vector field ~Y with ~Y (p) = v that belongs to X(F),
i.e., that is tangent at each point to the corresponding leaf.
(b) F is a transnormal system, i.e., every geodesic perpendicular to one leaf is
perpendicular to every leaf it meets.
A leaf L of F (and each point in L) is called regular if the dimension of L is
maximal, otherwise L is called singular. In addition a regular leaf is called principal
if it has trivial holonomy; for a definition of holonomy, see e.g. [15, page 22].
A typical example of a singular Riemannian foliation is the partition of a Rie-
mannian manifold into the connected components of the orbits of an isometric
action. Such singular Riemannian foliations are called Riemannian homogeneous.
In this case the principal leaves coincide with the principal orbits. We will some-
times denote a Riemannian homogeneous foliation, given by the action of a Lie
group K, by (M,K), provided the K-action is understood.
If a singular Riemannian foliation (M,F) is spanned by a smooth action of a Lie
group, which does not necessarily act by isometries, then we call such a foliation
homogeneous.
3.2. The infinitesimal foliation at a point. Let (M,F) be a singular Riemann-
ian foliation. Given a point p ∈ M and some small ǫ > 0, let Sp = expp(νpLp) ∩
Bǫ(p) be a slice at p, where Bǫ(p) is the distance ball of radius ǫ around p. The
foliation F induces a foliation F|Sp on Sp by letting the leaves of F|Sp be the con-
nected components of the intersection between Sp and the leaves of F . In general
the foliation (Sp,F|Sp) is not a singular Riemannian foliation with respect to the
induced metric on Sp. Nevertheless, the pull-back foliation exp
∗
p(F) is a singular
Riemannian foliation on νpLp ∩Bǫ(0) equipped with the Euclidean metric (cf. [15,
Proposition 6.5]), and it is invariant under homotheties fixing the origin (cf. [15,
Lemma 6.2]). In particular, it is possible to extend exp∗(F) to all of νpLp, giving
rise to a singular Riemannian foliation (νpLp,Fp) called the infinitesimal foliation
of F at p.
If (M,K) is Riemannian homogeneous, the infinitesimal foliation (νpLp,Fp) is
again Riemannian homogeneous, given by the action of (the identity component
of) the isotropy group K0p on νpLp (the slice representation).
The converse however is not true: namely, there are examples of non-Riemannian
homogeneous foliation all of whose infinitesimal foliations are.
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Definition 3.2. A SRF F on M is called an orbit-like foliation if for each point
q there exits a compact group Kq of isometries of νqLq such that the infinitesimal
foliation Fq is the partition of νqLq into the orbits of the action of Kq.
Examples of orbit-like foliations are given by the closures of (regular) Riemannian
foliations. Other examples can be obtained via a procedure called suspension of
homomorphism; for more details see e.g. [15, sec. 3.7].
Example 3.3. Consider a nonhomogeneous manifold Q and let (V = V1 × V2, F˜)
be a homogeneous Riemannian foliation given by the orbits of an isometric action
of a closed subgroup K ⊆ Iso(V1) that fixes a point in V1. Take a homomorphism
ρ : π1(Q, q0) → H ⊂ Iso(V2). By construction, ρ induces an action ρ
′ = ρ ×
id : π1(Q, q0) → Iso(V1 × V2) that preserves the foliation F˜ . Then π1(Q, q0) acts
diagonally on the product M˜ = Q˜×V where Q˜ is the universal cover of Q and the
action on the first factor is the action of deck transformations. Since the action is
free, the quotient M := M˜/π1(Q, q0) is a manifold, and there is a map
P :M −→ Q
[q˜, v] 7−→ [q˜]
that makes M the total space of a fiber bundle with base Q. In addition, the
fiber is V and the structural group is given by the image of ρ′. Finally, the SRF
(M˜, Q˜ × F˜) induces via M˜ → M a SRF (M,F), which can be proved to be an
(nonhomogeneous) orbit-like foliation.
3.3. Smooth structure of a leaf space. Let (M,F) be a SRF with closed
leaves. The quotient M/F is equipped with the natural quotient metric and a
natural quotient “Ck structure”. The Ck structure on M/F is given by the sheaf
Ck(M/F) := Ckb (M,F) of C
k basic functions on M , i.e., those functions that are
constant along the leaves of F . A function f ∈ Ckb (M,F) is called of class C
k,
while f ∈ C∞(M,F) is called smooth. One says that a map ϕ : M1/F1 → M2/F2
between two leaf spaces of SRF is of class Ck if the pull-back of a smooth func-
tion f ∈ C∞(M2/F2) is a function ϕ
∗f ∈ Ck(M1/F1). When ϕ is smooth, this
definition coincides with the definition of Schwarz [20].
3.4. Flow in a leaf space. Consider a SRF F on a complete Riemannian manifold
M with closed leaves.
Definition 3.4. A continuous map ϕ :M/F × I →M/F is called a flow on M/F
if the following conditions hold:
(a) ϕ is a one-parameter local group;
(b) for each p ∈ M/F each integral curve t → ϕ(p, t) is contained in the
quotient of a stratum;
(c) there exists a locally bounded derivative Y¯ on M/F associated to the
flow, such that for each smooth basic function h we have Y¯ · h(p) =
d
dth(ϕ(p, t))|t=0.
Remark 3.5. These conditions are independent and do not imply each other. How-
ever, in the particular case where ϕ is a one-parameter local group of isometries of
M/F , one can prove that (b) holds (see e.g., [13, section 5.1]) and that (a) and (b)
imply (c); see e.g. Remark 6.5.
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3.5. SRF’s with disconnected leaves. Sometimes one has to consider Riemann-
ian foliations with non-connected leaves. This kind of foliations come up naturally:
consider for example a Riemannian homogeneous foliation (N,K). Even when K
itself is connected, some isotropy subgroup Kp might not be, and its orbits under
the slice representation might also be disconnected. Therefore the Riemannian ho-
mogeneous foliation (νp(K ·p),Kp) would be an example of a disconnected singular
Riemannian foliation. In general, a singular Riemannian foliation with disconnected
leaves (N,F) is a triple (N,F0,H) where (N,F0) is a (usual) SRF, H is a group of
isometries of N/F0, and the non-connected leaves of F are just the orbits H · Lp,
for Lp ∈ F
0.
A slight generalization of such a triple, which we still call singular Riemannian
foliation with disconnected leaves and still denote (N,F), is a triple (N,F0,H)
where (N,F0) is again a SRF, and H is a pseudogroup of local isometries of N/F0.
Again, the non-connected leaves of F are H-orbits of leaves of F0. Such a foliation
appears naturally when dealing with the singular holonomy around a non-closed
leaf (cf. Definition 6.15).
3.6. A quick introduction to the new tools. In this section we provide a quick
introduction to the new tools used in the proofs of the Theorems 1.1 and 1.6. This
will allow the reader to follow the proofs of the main theorems. Details and proofs
about the new tools can be found in Section 6.
3.6.1. Blow-up’s. Throughout this section, Σ will denote a relatively compact neigh-
borhood in the minimal stratum of the foliation F on M . If the minimal stratum
is compact, one can, equivalently, take Σ to be the whole minimal stratum.
Following a procedure analogous to the classical blow-up of isometric actions,
one can prove that there exist:
(1) a saturated neighborhood B of Σ and a new Riemannian manifold B̂ with
a (blow-up) metric gˆ;
(2) a new (singular) Riemannian foliation F̂ on (B̂, gˆ) whose minimal singular
leaves have dimension greater than the dimension of the minimal singular
leaves of F ;
(3) and a (blow-up) map ρ̂ : (B̂, F̂) → (B,F) that is foliated, i.e., that sends
leaves to leaves.
Remark 3.6. As we will recall in Section 6.1, it is possible to construct, via com-
positions of projective blow-up’s, a surjective map ρǫ :Mǫ →M with the following
properties:
(1) Mǫ is a smooth complete Riemannian manifold foliated by a regular Rie-
mannian foliation Fǫ.
(2) The map ρǫ sends leaves of Fǫ to leaves of F .
This map is called a desingularization map. If M/F is compact, then for each small
ǫ > 0 one can choose Mǫ and ρǫ so that dGH(Mǫ/Fǫ,M/F) < ǫ where dGH is the
Gromov-Hausdorff distance.
The first useful property of blow-up’s will be proved in Proposition 6.4, namely:
Proposition 3.7. Each flow of isometries ϕ : B/F × I → B/F can be lifted to a
flow of isometries ϕˆ : B̂/F̂ × I → B̂/F̂ .
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It is natural to ask: under what conditions does the smoothness of the pull back
function ρˆ∗f of a basic function f imply the differentiability of f on B? The
answer to this question in particular cases will be useful to check regular conditions
of certain (weak) parabolic equations.
As we will see in Definition 6.9, a continuous F -basic function h on B belongs
to B or is a blow-up function, if
(a) h ◦ ρˆ is a smooth F̂ -basic function on B̂.
(b) The restriction of h to Σ and to B − Σ is smooth.
(c) X · h = 0 for each X ∈ νΣ.
The answer to our question will be given in Proposition 6.10, namely:
Proposition 3.8. If h ∈ B then h is a C1 function.
The family of blow-up functions has another relevant property. It is closed under
derivation of transverse Killing vector fields. More precisely, consider a flow of of
isometries ϕ on B/F and let Y¯ be the associated derivative in the quotient B/F ;
recall Definition 3.4. Then, we have the next result proved in Proposition 6.11:
Proposition 3.9. Assume that the lift ϕˆ on B̂/F̂ is smooth. Then for each h ∈ B
we have ϕ∗sh and ϕ
∗
s(Y¯ · h) ∈ B.
As we have seen in Section 2.1.1, we will have to deal with functions uh(x, t) :=
(ϕ∗th)(x). Propositions 3.8 and 3.9 assure that
dn
dtnuh(·, t) is C
1 for all t. More
details will be present in the proof of Lemma 4.4.
3.6.2. Local reduction. In Section 2 we have briefly seen the appearance of the local
reduction N and the metrics g˜ and gN. In what follows we are going to say a few
more words about them.
We start by fixing some notations:
(1) Let (M,F) be a SRF, and let Σ ⊆M be a stratum of F .
(2) Let Y be a submanifold contained in a slice (a transverse submanifold) of
the regular foliation (Σ,F|Σ).
(3) Consider YF := π
−1
F (πF (Y )) the saturation of Y . We also assume that Y
coincides with the intersection of YF with the slice.
(4) Let ν(YF )
∣∣
Y
be the normal bundle of the saturation YF restricted to Y .
We define the local reduction of (M,F) along Y as
N := exp
(
ν(YF )
∣∣
Y
)
∩BεYF ,
where BεYF is a neighborhood of YF . The local reduction N is a fiber bundle,
where the projection is the metric projection pY : N → Y . The fiber of pY at a
point p ∈ Y will be denoted by Np.
Remark 3.10. Notice that dimY ≤ dim(Σ/F). Throughout the paper we will
be especially interested in the cases dimY = 1 and dimY = dim(Σ/F). More
precisely, in the proof of Theorem 1.1 we will take Y to be a curve that projects to
an integral curve of the flow ϕ, while for Theorem 1.6 we will consider Y to be a
slice of (Σ,FΣ).
The foliation F intersects N in a foliation F0N := F ∩ N. It is possible to check
that the leaves of F0N are contained in the fibers of pY . The foliation F
0
N turns out
to be a SRF with respect to 2 metrics.
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The first metric g˜, constructed in Proposition 6.14, will be used in Section 5 to
prove Theorem 1.6.
Proposition 3.11. There exists a metric g˜ on N that preserves the transverse
metric of F , i.e., the distance between leaves of F0
N
is the same as the distance
between the plaques of F that contain such leaves. In particular F0
N
is a SRF on
(N, g˜).
As we will see in Corollary 6.18, when F is an orbit-like foliation, then F0N is
homogenous, but not necessarly Riemannian homogenous.
Proposition 3.12. Let F be an orbit-like foliation. Let q be a singular point, Y
a slice in the stratification Σ that contains q and N the reduction along Y . Then
there exists a compact group G acting on N such that the leaves of F0
N
are orbits of
G, i.e., F0
N
is homogenous SRF on (N, g˜).
The second metric gN, constructed in Proposition 6.19, will be used in Section 4
to prove Theorem 1.1.
Proposition 3.13. There exists a metric gN on N with following properties:
(a) The submersion pY : N→ Y is Riemannian.
(b) Each fiber Np is flat.
(c) The foliation F0
N
is a SRF on (N, gN).
Note that two different leaves L01, L
0
2 of F
0
N can be contained in the same leaf of
F . One can prove that for any such L01, L
0
2, there exists an isometry τ on N/F
0
N
(with respect to g˜) that sends L01 to L
0
2, i.e.,
(3.1) τ(x∗1) = x
∗
2
where x∗i is the projection of L
0
i in N/F
0
N. The pseudogroup generated by these
isometries will be denoted byH and the foliation with disconnected leaves (N,F0N,H)
will be denoted by FN; see Definition 6.15. The basic functions of FN coincide with
basic functions of F (see Remark 6.16) and hence, FN is the correct foliation to
consider in the proof of Theorem 1.1.
The next result will follow from Remark 6.22 and Lemma 4.1.
Proposition 3.14. Assume that Y projects to an integral curve of a flow of isome-
tries ϕ on M/F , where F is homogenous. Let N be a local reduction along Y . For
Y small enough, the projection N → Y is trivial and therefore we can identify N
with X×Y where X is a fiber of N0 and Y = (−ǫ, ǫ). The flow ϕ may not be a flow
of isometries in the quotient (N, gN )/FN but, for each fixed t, the flow ϕ induces
an an isometry
φ(t) : X0/FN := (X × {0})/FN → Xt/FN := (X × {t})/FN
defined as φ(t)(x∗) := ϕ(x∗, t).
4. Isometric flows on orbit spaces: proof of Theorem 1.1
The goal of this section is to prove Theorem 1.1. In particular, we are assuming
that the leaves of the SRF (M,F) are the orbits of a smooth proper action of a Lie
group K on M .
In order to avoid cumbersome notations, we will denote every basic function on
M and the induced function on M/F by the same letter.
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We know that Theorem 1.1 is true when all orbits have the same dimension, see
e.g. [15, Salem appendix D] and Swartz[21]. We assume by induction that Theorem
1.1 is true for a number of strata lower or equal to n− 1.
Let q be a point of the minimal stratum, q∗ ∈M/F its projection in the quotient,
and Y ∗ a neighborhood of q∗ in the orbit of ϕ through q∗. The preimage YF =
π−1F (Y
∗) is a regularly saturated submanifold of M (cf. Section 3.6.2) such that
F|YF has codimension 1. Let Y be the intersection of YF with a slice at q for the
action of K on M , and N the local reduction of (M,F) along Y ; cf. Section 3.6.2.
Unless explicitly stated otherwise, we will always consider the Riemannian metric
gN on N defined in Proposition 3.13.
Before we go through the details, let us briefly recall the main idea of the proof.
It is enough to show that ϕ is smooth on N/FN × I. In other words, for a given
smooth FN-basic function h on N we will prove that ϕ
∗h is a smooth basic function
on N× I with respect to the foliation FN × {∗} = {LN × {∗}}.
We will divide the proof of the smoothness of ϕ into two steps.
Step 1) We restrict our attention to a fiber X0 := Nq0 of the metric projection
pY : N → Y (cf. Section 3.6.2), and we prove in Proposition 4.6 that the
restriction of ϕ∗h to X0 × I is smooth. The main idea here is to use some
some arguments of [5] to check that uh(x, t) := ϕ
∗h(x, t) is a weak solution
of a parabolic equation; see equation (4.4). We apply regularity theory of
solutions of linear parabolic equations to prove that uh is smooth. This
theory requires some initial regularity conditions that will be checked using
Propositions 3.8 and 3.9; see details in Lemma 4.4.
Step 2) We extend the smoothness of ϕ to the whole N/FN × I using the inverse
function theorem for orbit spaces; see [20, page 45]. This is proved in
Proposition 4.7.
Since we will be working on (N,FN) instead of (M,F), we should better make
sure that (N,FN) is still homogeneous.
Lemma 4.1 (The group G). The points on the curve Y have the same isotropy
group G := Kq. Moreover, the restriction of FN to N is the partition of N into the
orbits of the action of G.
Proof. Consider D a slice at q in the singular stratum Σ of the restricted foliation
F|Σ. Let us denote ϕ˜t a flow of isometries on D which is a lift of ϕt and so that Y
is an integral curve; see e.g. [21]. We want to prove that
(4.1) Kϕ˜t(q) = Kq.
Consider the action µ : Kq × D → D and the induced homomorphism µ : Kq →
Iso(D). Since we are dealing with isotropy groups, in order to prove equation (4.1)
it suffices to prove that
(4.2) µ(Kϕ˜t(q)) = µ(Kq).
We first claim that ϕ˜tµ(Kq)ϕ˜
−1
t = µ(Kϕ˜t(q)). Let p be a principal point in D
(i.e., the leaf Lp has trivial holonomy in Σ) and consider k ∈ µ(Kq). Note that,
since p is principal, kp 6= p. Set k1 := ϕ˜tkϕ˜
−1
t . Note that k1ϕ˜t(p) = ϕ˜t(kp). On the
other hand, since ϕt is an isometry in the quotient, and in particular sends loops
into loops, there exists a k2 ∈ µ(Kϕ˜t(q)) such that k2ϕ˜t(p) = ϕ˜t(kp). Therefore,
since the same argument applies to other principal points near p (recall that the
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set of principal points is an open and dense set) we infer that k1 = k2 and hence
ϕ˜tµ(Kq)ϕ˜
−1
t ⊂ µ(Kϕ˜t(q)). The proof of the other inclusion is identical and hence
the claim has been proved.
Now, since D a slice at q of F|Σ, we have that Kϕ˜t(q),Kq are compact Lie
subgroups and Kϕ˜t(q) ⊂ Kq. These facts and the above claim imply equation (4.2).

Remark 4.2. In the particular case where F is Riemannian homogeneous, one can
check that G acts isometrically.
4.1. The first step. Let us fix a fiber X0 := Nq0 of pY : N→ Y , and denote Xt :=
Nϕ˜t(q0). Since the flow ϕ : (N, g˜)/FN × I → (N, g˜)/FN acts by isometries and Y
∗ is
an orbit, then by Proposition 3.14 each ϕt is an isometry between (X0, gN)/FN →
(Xt, gN)/FN, where the metrics on the fibers are now flat.
Since X0 and Xt are flat, it follows from [5, Proposition 2.1] that the mean
curvature vector fields of the leaves in X0 and Xt project to well defined vector
fields in the regular strata of X0/FN, Xt/FN respectively, and moreover φ(t) := ϕt
sends one vector field to the other. On the other hand since φ(t) is an isometry, it
preserves the Laplacian operator in the principal part of Xt/FN.
Set uh(·, t) := φ(t)
∗h. From what said above, we obtain that the following
equation holds a in weak sense (cf. [5, Lemma 2.5]):
(4.3) △ uh = △φ(t)
∗h = φ(t)∗ △ h = u△h
where △h denotes the Laplacian operator of Xt applied to the restriction h|Xt .
As in [5, Proposition 2.3], one can prove the next lemma, taking in consideration
item (c) of Definition 3.4.
Lemma 4.3. The restriction of the flow ϕ to N/FN × (−ǫ, ǫ) is a C
1 map.
From the lemma above, ddtuh is continuous and we can define
f(·, t) := −φ(t)∗ (△h) +
d
dt
(φ(t)∗h) = −u△h +
d
dt
uh(·, t)
and thus we have
(4.4)
d
dt
uh −△uh = f in X0 × I
in a weak sense.
The goal is to use regularity properties of parabolic equations to prove that uh
is smooth in X0 × I. We first need to prove some initial regularity for uh.
Lemma 4.4. For n ≥ 0 we have
(a) d
n
dtn uh(·, t) ∈ C
∞(X0) for each t.
(b) d
n
dtn uh ∈ L
2(0, T,H1(X0)).
Proof. Let us prove the case where n = 1; the other cases are identical. Consider
the first blow-up ρˆ : N̂→ N of (N,FN) along its minimal stratum, cf. Section 3.6.1.
Since ϕ is a flow of isometries on (N, g˜)/FN, by Proposition 3.7 there is an induced
flow of isometries ϕˆ on N̂/F̂N. Since the number of strata in (N̂, F̂N) is strictly
smaller than the number of strata in (N,FN), then by induction Theorem 1.1 holds,
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and ϕˆ is smooth. Therefore the conditions of Proposition 3.9 are met, and ϕ∗(Y¯ ·h)
is a blow-up function as well. Since
d
dt
uh =
d
dt
ϕ∗h = ϕ∗(Y¯ · h)
then by Proposition, 3.8 ddtuh(·, t) is C
1(X0) for each t. The above equation also
implies that ddtuh is continuous.
Note that in the regular stratum
△
(
d
dt
uh
)
=
d
dt
(△uh)
(4.3)
=
d
dt
u△h
Since ddtuh(·, t) and
d
dtu△h(·, t) ∈ C
1(X0) we can apply the same argument as in [5]
to infer that the following equation holds weakly:
(4.5) △
(
d
dt
uh
)
=
d
dt
u△h in X0
From regularity theory of solutions of elliptic partial differential equations [11] we
conclude that ddtuh(·, t) lies in the Sobolev space H
3(X0). Applying the argument
successively, we obtain ddtuh(·, t) ∈ C
∞(X0) and this concludes the proof of part
(a).
Now since Y¯ · h ∈ B and ϕt preserves the geodesics orthogonal to the minimal
stratum, we have that the directional derivatives of ddtu exist. Moreover∥∥∥∥∇
(
d
dt
uh(·, t)
)∥∥∥∥ = ∥∥∇φ(t)∗(Y¯ · h)∥∥ .
The term in the right-hand side of this equation is a continuous function due to
Lemma 4.3.
Therefore, since ddtuh and
∥∥∇ ( ddtuh)∥∥ are both continuous, part (b) follows.

Let us recall the next result that can be found in Evans [11, Theorem 6, page
365]; see the same reference for definitions and notations about Sobolev Spaces.
Theorem 4.5 (Regularity of parabolic equations). Assume that g ∈ H2m+1(X0),
dkf
dtk ∈ L
2(0, T,H2m−2k(X0)) (k = 0, . . . ,m). Suppose also the following m
th-order
compatibility condition holds:

g0 := g ∈ H
1
0 (X0)
g1 := f(0) +△g0 ∈ H
1
0 (X0)
. . .
gm :=
dm−1f
dtm−1 (0) +△gm−1 ∈ H
1
0 (X0)
Let u ∈ L2(0, T,H10 (X0)) with
du
dt ∈ L
2(0, T,H−1(X0)) be a weak solution of
d
dt
u−△u = f in X0 × (0, T ]
u = 0 on ∂X0 × [0, T ]
u = g on X0 × {t = 0}
Then d
ku
dtk ∈ L
2(0, T,H2m+2−2k(X0)).
We can now finally prove the proposition below.
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Proposition 4.6. uh is smooth on X0 × (−ǫ, ǫ).
Proof. Here let us make the following convenient definitions:
(1) u
(n)
h :=
dn
dtnuh.
(2) f (n) := −u
(n)
△h + u
(n+1)
h .
(3) g(n) := u
(n)
h (·, 0).
By differentiating equation (4.4), one gets the following family of parabolic equa-
tions, parametrized by n:

d
dtu
(n)
h −△u
(n)
h = f
(n) in X0 × [0, T ]
u
(n)
h = g
(n) on X0 × {t = 0}
By Lemma 4.4, f (n)(·, 0) and g(n) are C∞(X0) for any n > 0, and in particular
all the mth-order compatibility conditions hold. Therefore the only condition that
has to be checked is
(4.6) f (n) ∈ L2(0, ǫ,H2m(X0)).
If one first applies Theorem 4.5 with m = 0, then the condition (4.6) holds (recall
Lemma 4.4), and from the Theorem 4.5 one gets u
(n)
h ∈ L
2(0, ǫ,H2(X0)).
Now suppose by induction (on r) that u
(n)
h ∈ L
2(0, ǫ,H2r(X0)) for every n.
Then f (n) ∈ L2(0, ǫ,H2r(X0)) as well, and one can apply Theorem 4.5 with m = r.
Again the only condition to be checked is (4.6), which holds, and by the Regularity
Theorem we obtain, in particular, that u
(n)
h ∈ L
2(0, ǫ,H2r+2(X0)).
By induction, we obtain that
uh,
dn
dtn
uh ∈ L
2(0, ǫ,Hm(X0)) ∀m ∈ N
and from this it follows that uh ∈ C
∞(X0 × [0, ǫ]).

4.2. The second step.
Proposition 4.7. ϕ : (N/FN)× I → N/FN is smooth.
Proof. If Y is a point, then the result was already proved in the previous proposi-
tion. Let us assume that Y is not a point.
We know from Proposition 4.6 that the restriction
ψ := ϕ|X0/FN×I : X0/FN × I −→ N/FN
is smooth, and therefore we can apply the inverse function theorem on orbit space
(see [20, page 45]) to conclude that ψ−1 is smooth. Note that, for each fixed s
the function pN/FN ◦ ψ(·, s) is a constant k(s). We claim that the diagram below
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commutes, and hence ϕ is a composition of smooth maps and therefore is a smooth
map.
N/FN × I
ϕ
//
ψ−1×Id

N/FN
ψ−1

(X0/FN × I)× I
(p1,p2+p3)
// (X0/FN × I)
In fact, set z = ψ(x∗, s). Then we have
ϕ(z, t) = ϕt(z)
= ϕt(ψ(x
∗, s))
= ϕ(x∗, s+ t)
= ψ(p1 ◦ ψ
−1(z), p2 ◦ ψ
−1(z) + t).
This proves the commutativity of the diagram. The smoothness of the arrows of
the diagram can be proved using the smoothness of ψ−1 and Schwarz’s Lemma [19];
see also comments in the beginning of proof of the main Theorem [19, page 65].

4.3. Proof of Corollary 1.3. Given a single flow of isometries ϕ : M/K × I →
M/K, around each point q∗ of M/K we consider, as in the proof of Theorem
1.1, a neighbourhood Y ∗ of q∗ in its ϕ-orbit. The preimage YF = π
−1
F (Y
∗) is a
regularly saturated submanifold of M , and Lemma 4.1 implies that Bε(YF )/F =
N/FN = N/G, where G is compact. Therefore one can apply Schwarz’s results [19]
on smooth maps on the orbit spaces and prove that the map N/G× I2 → N/G× I,
(x∗, s, t) 7→ (ϕs(x
∗), t) is smooth. This implies that the function M/K × I2 → I,
defined as before, is smooth as well. In particular, for any two smooth flows ϕ, ψ :
M/K × I2 →M/K the composition M/K × I2 →M/K, (x∗, s, t) 7→ ϕs(ψt(x
∗)) is
smooth; see [19, p.64].
Consider now an isometric action µ : H × (M/K) → M/K. Let v1, . . . , vh,
h = dimH , be a basis of the Lie algebra of H . The above consideration and
Theorem 1.1 imply that the map
ψ : M/K × Ih →M/K,
(x∗, t1, . . . , th) 7→ µ(exp(t1v1) · · · exp(thvh), x
∗)
is smooth. This means that the action is smooth on a neigborhood of (e, x∗) where
e is the identity of H and x∗ is an arbitrary point of M/K.
In order to check that the action is smooth on a neighborhood of a generic point
(h, x∗), it suffices to prove that the composition
(t1, . . . , tn, x
∗) 7→ ψ(t1, . . . , tn, µ(h, x
∗))
is smooth on a neigborhood of (0, x∗).
Note that since H is connected, there exists a curve ϕt of isometries such that
ϕt = h and ϕ0 = e. Therefore [5] implies that the map x
∗ 7→ µ(h, x∗) is smooth
and the result follows from the above discussion.
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5. Molino’s conjeture: proof of Theorem 1.6
Let (M,F) be a singular Riemannian Foliation, and let F be the partition of M
by the closures L of leaves L ∈ F . In Molino [15, Theorem 6.2, page 214] (cf. [15,
Appendix D] when M non compact) it is proved that each closure L is a closed
submanifold, and that the partition F = {L}L∈F is a transnormal system, i.e., the
leaves of F are locally equidistant (cf. Definition 3.1). In fact, the equifocality of
F (cf. [6]) implies that plaques of F are equidistant to any fixed plaque of Lq and
so are the plaques of F ; see a similar argument in [2, Proposition 2.13].
In what follows we will prove that this partition is a smooth singular foliation.
Proposition 5.1. Let F be a orbit-like foliation. Then (M,F) is a singular folia-
tion.
Proof. Let us fix a point q ∈M and consider Σ the stratum containing the point q.
Consider a slice D of the (regular) foliation (Σ,FΣ). Finally let v ∈ νqLq ∩ TqLq.
We want to prove that there exists a vector field ~Y around q, tangent to the leaves
of F so that ~Y (q) = v.
Let (N,F0N) be the local reduction of (M,F) along the slice D; recall Section
3.6.2. In what follows we will only make use of the metric g˜ on N introduced in
Proposition 3.11, so we will give it as understood. Since F is orbit-like, (Nq,F
0
N) is
homogeneous given by the orbits of some group G; see Proposition 3.12.
Recall that there is a pseudogroup H of local isometries of N/F0N that describes
how the leaves around Σ intersect N (cf. Section 3.6.2).
By applying Molino’s theorem to the regular foliation F|Σ, πFN∗v is tangent to
the orbit of the closure of H; see [15, Theorem 5.1, page 156] and [15, Section 3.4,
page 287].
Let (N̂, F̂0N) be the desingularization of (N,F
0
N) (cf. Remark 3.6), with projections
ρˆ : N̂→ N ρˆ# : N̂/F̂0N → N/F
0
N.
For the sake of simplicity, here we are using the notation N̂ to denote the desin-
gularized space and not just the first blow-up along the minimal stratum. As in
Proposition 3.7 we can lift any isometry τ (recall equation (3.1)) to an isometry τˆ
of the orbifold (N̂, ̂˜g)/F̂N; see also Remark 6.7 applied to small relatively compact
neighborhoods. Let Hˆ be pseudogroup generated by all isometries τˆ constructed in
this way, and let Hˆ its closure. By Salem [15, Appendix D] the closure Hˆ is a Lie
pseudogroup.
We claim that we can find a Killing vector field
~ˆ
Y in the orbifold N̂/F̂0N with
flow ϕˆt ∈ Hˆ, that projects to a flow ϕt on N/F
0
N and such that
d
dtϕt(q) = πF0N ∗
v.
Indeed, there is an eta´le morphism
Hˆ → H.
Set D̂ := ρˆ−1(D). Consider a point qˆ ∈ N̂/F̂0N with ρˆ#(qˆ) = q. This point qˆ can
be chosen so that the restriction of ρˆ# to a neighborhood of qˆ coincides with the
first blow-up. We have that the restriction of (ρˆ#)|D̂ to a neighborhood of the
orbit Hˆ(qˆ) is a submersion. Note that the restriction of ρˆ# to the orbit Hˆ(qˆ) is a
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surjective smooth map
ρˆqˆ : Hˆ(qˆ)→ H(q).
Moreover, if the differential has rank d at some pˆ ∈ Hˆ(qˆ), it will be d on the whole
orbit Hˆ(pˆ) ⊆ Hˆ(qˆ), and this implies that the differential of ρˆqˆ is everywhere con-
stant, and hence ρˆqˆ is a submersion. In particular, given πF0
N ∗
v tangent to H(q),
there exists a vector vˆ tangent to Hˆ(qˆ) that projects to πF0
N ∗
v. We can now take a
flow ϕˆ ∈ Hˆ with vector field
~ˆ
Y such that
~ˆ
Y (qˆ) = vˆ. Due to the construction of Hˆ,
it makes sense to project ϕˆ to a flow ϕ in N/F0N, and this proves the claim.
Since the foliation (N,F0N) is homogenous, it follows from Theorem 1.1 that ϕ is
smooth. From Schwarz [20, Corollary 2.4] we can lift ϕ and produce the smooth
vector field ~Y on N tangent to v. Finally, using the flow of vector fields tangent
to the leaves, one can extend the vector field ~Y on N to a vector field on an
neighborhood of q in M that is tangent to the leaves of F and this concludes the
proof.

6. New tools
In the following sections we define the main new technical tools used in this
paper. These are of independent interest and we hope they might be used in other
contexts, from which the decision of devoting a section to them is made.
The first tool is the blow-up of a singular Riemannian foliation. This object has
already been studied in [2], but here we will further the analysis and in particular
we will define blow-up functions. The second tool is the concept of local reduction.
The reader mainly interested in the proof of Theorems 1.1 and 1.6 can skip the
proofs presented in Sections 6.1, 6.2 and 6.3.
6.1. Blow-up. Let M be a complete manifold, and (M,F) a SRF with closed
leaves. As in the classical theory of isometric actions, it is possible to construct,
via compositions of projective blow-up’s, a surjective map ρǫ : Mǫ → M with the
following properties:
(1) Mǫ is a smooth complete Riemannian manifold foliated by a regular Rie-
mannian foliation Fǫ.
(2) The map ρǫ sends leaves of Fǫ to leaves of F .
This map is called a desingularization map. If M/F is compact, then for each small
ǫ > 0 one can choose Mǫ and ρǫ so that dGH(Mǫ/Fǫ,M/F) < ǫ where dGH is the
Gromov-Hausdorff distance; see [2].
In this section we briefly recall the construction of the first blow-up along the
minimal stratum (see [16, 2, 3]) and present Proposition 6.4, the main result of this
section.
Throughout this section, Σ will denote a relatively compact neighborhood in the
minimal stratum of M . If the minimal stratum is compact, one can, equivalently,
take Σ to be the whole minimal stratum.
Following a procedure analogous to the blow-up of isometric actions one has the
next lemma.
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Lemma 6.1. Let B := Tubr(Σ) be a small neighborhood of Σ. Then
(a) B̂ := {(x, [ξ]) ∈ B × P(νΣ)|x = exp⊥(tξ) for |t| < r} is a smooth manifold
(called blow-up of B along Σ) and the projection or blow-up map ρˆ : B̂ → B,
defined as ρˆ(x, [ξ]) = x is also smooth.
(b) Σ̂ := ρˆ−1(Σ) = {(πˆ([ξ]), [ξ]) ∈ B̂} = P(νΣ), where πˆ : P(νΣ) → Σ is the
canonical projection.
(c) There exists a singular foliation F̂ on B̂ so that ρˆ : (B̂−Σˆ, Fˆ)→ (B−Σ,F)
is a foliated diffeomorphism. In addition if F is homogeneous then the
leaves of F̂ are also homogeneous.
Getting the right metric on B̂ is a bit more complicated.
Lemma 6.2 ([2]). There exists a metric gˆ on B̂ such that F̂ is a SRF.
Proof. Let us briefly recall the construction of this metric, that will be important
in the proof of Proposition 6.4.
Consider the smooth distribution S on B defined as Sexp(ξ) := Texp(ξ)Sq where
ξ ∈ νqΣ and Sq is a slice of Lq at q with respect to the original metric g.
First we find a metric g˜ with the following properties:
(a) The distance between the leaves of F on B with respect to g˜ and to respect
to g are the same.
(b) The normal space of each plaque of F|B (with respect to g˜) is contained in
S. In fact those spaces are the orthogonal projection (with respect to g) of
the normal spaces (with respect to g) of F|B.
(c) If a curve γ is a unit speed geodesic segment orthogonal to Σ with respect
to the original metric g, then γ is a unit speed geodesic segment orthogonal
to Σ with respect to the new metric g˜.
We now come to the second step of our construction, in which we change the
metric g˜ in some directions, getting a new metric gˆB on B − Σ.
First note that, for small ξ ∈ νqΣ, we can decompose Texpq(ξ)M as a direct sum
of orthogonal subspaces (with respect to the metric g˜)
(6.1) Texpq(ξ)M = S
⊥
expq(ξ)
⊕ S1expq(ξ) ⊕ S
2
expq(ξ)
⊕ S3expq(ξ),
where S⊥expq(ξ)
is orthogonal to Sexpq(ξ) and S
i
expq(ξ)
⊂ Sexpq(ξ), i=1,2,3, are defined
below:
(1) S1expq(ξ)
is the tangent space of the normal sphere exp(νqΣ) ∩ ∂B‖ξ‖(q),
(2) S2expq(ξ)
is the line generated by ddt expq(tξ)|t=1.
(3) S3expq(ξ)
is the orthogonal complement of S1expq(ξ)
⊕ S2expq(ξ)
in Sexpq(ξ).
Now we define a new metric gˆB on B − Σ as follows:
(6.2) gˆBexpq(ξ)(Z,W ) := g˜(Z⊥,W⊥) +
r2
‖ξ‖2
g˜(Z1,W1) + g˜(Z2,W2) + g˜(Z3,W3),
where Zi,Wi ∈ S
i
expq(ξ)
and Z⊥,W⊥ ∈ S
⊥
expq(ξ)
.
Finally we define the pullback metric gˆ := ρˆ∗gˆB.

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We have recalled the construction of the blow-up an F -invariant neigbhoorhood
B along Σ. We have explained the case where B = Tubr(Σ) because we will only
be concerned with this kind of neighborhood B and with this first blow-up ρˆ.
Remark 6.3. For the sake of completeness let us explain the rest of the construction,
e.g. when M is compact. We simply glue B̂ with a copy of M − B and construct
the space M̂r(Σ) and the projection ρr : M̂r(Σ)→M . A natural singular foliation
F̂r is induced on M̂r(Σ) in analogy to the blow-up of isometric actions. To define
the appropriate metric ĝr on M̂r(Σ) consider a partition of unity of M̂r(Σ) by two
functions fˆ and hˆ such that
(1) fˆ = 1 in Tubr/2(Σ̂) and fˆ = 0 outside of B.
(2) fˆ and hˆ are constant on the cylinders ∂Tubδ(Σ̂) for δ < 2r.
Set gˆr := fˆ gˆ + hˆg1, where g1 is a metric that near to Σ̂ is g˜ and far away is the
original metric g so that F is a SRF with respect to g1. The desingularization ρǫ
mentioned in the beginning of this section is then the composition of the blow-up’s
along the strata.
Proposition 6.4. Each flow of isometries ϕ : B/F × I → B/F can be lifted to a
flow of isometries ϕˆ : B̂/F̂ × I → B̂/F̂ .
Proof. Since ϕt maps geodesics orthogonal to the minimal stratum to geodesics
orthogonal to the minimal stratum, the lift ϕˆt is well defined and continuous.
Let x be a principal point and H be the transverse space of the leaf Lx. Then H
is decomposed into a direct sum of subspaces H1 ⊕H2 ⊕H3, where Hi = Si ∩H ;
for the definition of Si recall equation (6.1). Let Ĥ be the transversal space of
L̂xˆ where ρˆ(xˆ) = x. Then Ĥ also decomposes into a direct sum Ĥj and dρˆ :
(Ĥj , gˆT ) → (Hj , gj) is an isometry where gˆT is the transverse metric of F̂ and gj
is the restriction of transvere metric gT of F to Hj , if j 6= 1 and g1 =
r2
‖ξ‖2 gT .
Note that ϕt (respectively ϕˆt) preserves the decomposition Hi (respectively Ĥi).
Since the function r
2
‖ξ‖2 is invariant under the action of ϕt we infer that ϕˆt is a
local isometry on (ρˆ)−1(B0)/F̂ , where B0 is the union of principal leaves of B.
Using the density of principal points in the quotient space B̂/F̂ and the fact that a
minimal geodesic segment joining principal points does not contain singular points,
we conclude that the each ϕˆt is a global isometry on B̂/F̂ .

Remark 6.5. Using blow-ups, one can also check that the derivative Y¯ of the flow ϕ
is locally bounded (cf. Definition 3.4). In fact, by successive blow-ups one can lift a
continuous one parameter local group ϕ on B/F to an isometric flow on an orbifold
(see Remark 6.7 below) where they are locally bounded by more classical results,
see e.g. [15, Salem appendix D]. Since the blow-up’s are distance non-increasing
maps between the leaf spaces (see [2, Remark 3.8]) the result follows.
Although along the paper we will consider foliations F whose leaves are homo-
geneous but not necessarly Riemannian homogeneous, we present the next result
for the sake of completeness.
Proposition 6.6. Let (B,G) be a Riemannian homogeneous SRF. Then G acts
on B̂, and there exists a new metric gˆG such that G acts by isometries and (B̂, F̂)
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is the Riemannian homogeneous foliation induced by G. The transverse metric of
gˆG coincides with the transverse metric of gˆ.
According to this proposition, in particular, a flow of isometries ϕ on the orbit
space B/F can be lifted to a flow of isometries ϕˆ on the orbit space B̂/F̂ with
respect to the new metric gˆG.
Proof. We first claim that the action of G on each stratum preserves the normal
bundle (with respect to g˜) of each orbit in this stratum. In addition G acts isomet-
rically on the fibers of this bundle.
The above claim is a direct consequence of the following facts:
(1) The distribution S is invariant under the action of G.
(2) The normal bundle of the orbits (with respect to the original metric g) is
invariant under the action of G.
(3) The orthogonal projection (with respect to the original metric g) is also
invariant under the action of G.
Now, since the action preserves the decomposition H1, H2 and H3 the claim is
also valid for the metric gˆB and hence to the blow-up metric gˆ = ρˆ∗gˆB. Finally one
can define the new metric as
gˆG(X,Y ) :=
∫
G
gˆ(dgX, dgY )ω
where ω is a right-invariant volume form of the compact group G. The rest of the
proof follows from Proposition 6.4.

Remark 6.7. When M and F are compact, we can take into account Remark 6.3
and generalize the above results as follows:
(a) Each flow of isometries ϕ : M/F × I → M/F can be lifted to a (smooth)
flow of isometries ϕǫ :Mǫ/Fǫ × I →Mǫ/Fǫ.
(b) If F is the partition of M into orbits of a compact group G of isometries
of M , then there exists a metric gGǫ on Mǫ so that Fǫ turns out to be the
partition of M into orbits of an isometric action of G on Mǫ. In addition
the transverse metric associated to this new metric gGǫ coincides with the
transverse metric of the original metric gǫ of Mǫ.
We conclude this section discussing the Lie structure of isometries groups of leaf
spaces. The next proposition is not necessary for the proof of the main results.
Proposition 6.8. Let F be a closed SRF on a compact Riemannian manifold M .
Then each connected compact group H of isometries on M/F is a Lie group.
Proof. Following [13, section 5.1] one can check that each isometry ofH sends strata
to strata. It also sends geodesics orthogonal to strata to geodesics orthogonal to
strata. Therefore, as explained in Remark 6.7, one can lift each isometry h ∈ H to
an isometry hˆ on the orbifold Mǫ/Fǫ. Let Ĥ denote the group generated by these
isometries. Note that it can be identified with H .
We claim that Ĥ is also compact. In fact, if {hˆn} is a sequence of Ĥ , by
construction it projects to a sequence {hn} on H . Since H is compact, there is a
subsequence {hni} that converges to an isometry h ∈ H . In particular its restriction
to the boundary of a tube around a minimal stratum also converges in the compact
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open topology. Using this fact and the construction of the desingularization (that is
a composition of blow-ups) one can conclude that the subsequence {hˆni} converges
to hˆ (the lift of h) in the compact open topology and hence Ĥ is compact.
Since Ĥ is a compact group of isometries on an orbifold, it follows from [7,
Theorem 2] that Ĥ and H are a Lie group.

6.2. Blow-up functions. We now introduce a class of basic functions on B that
will be used in Lemma 4.4 to check some regularity conditions necessary to prove
the smoothness of solutions of a (weak) parabolic equation. In particular the main
results of this section are Proposition 6.10 and Proposition 6.11.
Consider the blow-up ρˆ : (B̂, F̂)→ (B,F) of B along its minimal stratum Σ.
Definition 6.9. We say that a continuous F -basic function h on B belongs to B
or is a blow-up function, if
(a) h ◦ ρˆ is a smooth F̂ -basic function on B̂.
(b) The restriction of h to Σ and to B − Σ is smooth.
(c) X · h = 0 for each X ∈ νΣ.
In what follows we prove two important properties of these functions.
Proposition 6.10. If h ∈ B then h is a C1 function.
Proof. Let q ∈ Σ. We claim that it suffices to show that
(6.3) vn · h(pn)→ 0
for every sequence (pn, vn) → (q, v0) such that (pn, vn) ∈ TB, and the vectors vn
are tangent to the distance spheres in the normal bundle of Σ.
Consider first a simple example, namely when B = R2 is foliated by concentric
circles around the origin and Σ = {q} = {(0, 0)}. Note that ∂∂x
∣∣
pn
= a1
∂
∂r
∣∣
pn
+a2vn
and ∂∂y |pn = b1
∂
∂r
∣∣
pn
+ b2vn where |ai| and |bi| are bounded. Equation (6.3) and
item (c) of Definition 6.9 imply that ∇h(pn)→ 0, which is what one needs to ensure
that h is C1.
In the general case, consider a converging sequence (pn, vn) → (q, v). The tan-
gent spaces TpnB split as ker(p∗) ⊕ ker(p∗)
⊥, where p : B → Σ is the metric
projection. Every vn then splits as vn = v
ker p∗
n + v
ker p⊥
∗
n , and in order to prove the
proposition we need to prove
vker p∗n · h(pn)
n→∞
−→ vker p∗ · h(q)(6.4)
v
ker p⊥
∗
n · h(pn)
n→∞
−→ vker p
⊥
∗ · h(q)(6.5)
By [2, proof of Lemma 3.5], (6.5) is satisfied. Moreover, since h is a blow-up func-
tion, by condition (c) we have vker p∗ · h(q) = 0, and it is enough to check that
vker p∗n ·h(pn)→ 0. Since moreover the derivatives in the radial direction go to zero,
this reduces to check (6.3), as claimed.
Set g := h ◦ ρˆ and let {pˆn} ⊂ B̂ be the lift of {pn}. We can assume without loss
of generality that {pˆn} is contained in a relatively compact neighborhood in B̂ that
admits cylindrical coordinates (r, θi, zi).
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For each pn, define a frame {~ej} of (ker p∗)pn ∩
∂
∂r
∣∣⊥
pn
, where ~ej(pn) =
1
r ρˆ∗
∂
∂θj
.
Also, let θ = (θ1, . . . θcodim(Σ,B)−1) and z = (z1, . . . zdimΣ).
By definition of ~ej , in order to prove equation (6.3) it suffices to show
(6.6) lim
n→∞
~ej(pn) · h(pn) = lim
n→∞
1
r(n)
∂g
∂θi
(r(n), θ(n), z(n)) = 0
for the sequence pˆn = (r(n), θ(n), z(n)) that converges to the fiber (0, θ, z) .
From the definition of g we have
(6.7)
∂g
∂θi
(0, θ, z) = 0
Condition (c) implies
(6.8)
∂g
∂r
(0, θ, z) = 0
and hence, since g is smooth (see condition (a)), we conclude that
(6.9)
∂2g
∂r∂θi
(0, θ, z) =
∂2g
∂θi∂r
(0, θ, z) = 0
From mean value theorem we also have
(6.10)∣∣∣ 1
r(n)
∂g
∂θi
(r(n), θ(n), z(n))−
1
r(n)
∂g
∂θi
(0, θ(n), z(n))
∣∣∣ ≤ ∣∣∣ ∂2g
∂r∂θi
(r˜(n), θ(n), z(n))
∣∣∣
Now Eq. (6.6) follows direct from equations (6.7), (6.9) and (6.10).

Let ϕ be a flow of isometries on B/F and consider the flow of isometries ϕˆ on
B̂/F̂ defined in Proposition 6.4. Let Y¯ be the associated derivative in the quotient
B/F ; recall Definition 3.4.
Proposition 6.11. Assume that ϕˆ is smooth. Then for each h ∈ B we have ϕ∗sh
and ϕ∗s(Y¯ · h) ∈ B.
Proof. We must check that the function (Y¯ · h) ◦ ϕs satisfies the conditions of the
Definition 6.9. The case ϕ∗sh ∈ B is simpler.
Condition (b) of Definition 6.9 follows from hypothesis.
Now we want to check condition (a) of Definition 6.9. Note that ϕz+s ◦ ρˆ =
ρˆ ◦ ϕˆz+s.
(Y¯ · h) ◦ ϕs ◦ ρˆ(·) =
d
dz
h
(
ϕ
(
ϕ(ρˆ(·), s), z
))∣∣∣
z=0
=
d
dz
h
(
ϕ
(
ρˆ(·), s+ z
))∣∣∣
z=0
=
d
dz
h
(
ρˆ
(
ϕˆs+z(·)
))∣∣∣
z=0
∈ C∞.
Finally we have to check condition (c) of Definition 6.9. Let γ be a geodesic
orthogonal to the minimal stratum Σ and γˆ ⊂ B̂ a lift of γ. Consider the smooth
function g(z, t) := h ◦ ρˆ(ϕˆs+z(γˆ(t))). Note that ϕˆz+s ◦ γˆ is a horizontal geodesic
orthogonal to the lift of Σ and hence that ρˆ ◦ ϕˆz+s ◦ γˆ is orthogonal to Σ. This
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fact and the fact that h ∈ B (in particular satisfies condition (c) of Definition 6.9)
imply that ∂∂tg(z, 0) = 0. We conclude that
d
dt
(Y¯ · h) ◦ ϕs ◦ γ(t))|t=0 =
∂2
∂t∂z
h
(
ϕs+z
(
γ(t)
))∣∣∣
z,t=0
=
∂2
∂t∂z
h
(
ρˆ ◦ ϕˆs+z
(
γˆ(t)
))∣∣∣
z,t=0
=
∂2
∂t∂z
g(z, t)|z,t=0
=
∂2
∂z∂t
g(z, t)|z,t=0
= 0.

Remark 6.12. As we prove Theorem 1.1, it will be clear that the hypothesis in
Proposition 6.11, i.e., the smoothness of ϕˆ, is always satisfied when F is homoge-
neous.
Remark 6.13. The above results are also valid for foliation with disconnected leaves.
6.3. The local reduction. For the sake of completeness, we start by recalling
the definitions presented in Section 3.6.2. Let (M,F) be a SRF, and let Σ ⊆ M
be a stratum of F . Let Y be a submanifold contained in a slice (a transverse
submanifold) of the regular foliation (Σ,F|Σ). Consider YF := π
−1
F (πF (Y )) the
saturation of Y . We also assume that Y coincides with the intersection of YF with
the slice, i.e., that Y is invariant under the action of the holonomy pseudogroup of
the (regular) foliation (Σ,FΣ). Suppose that the normal exponential exp : ν(YF )→
M is well defined on a tubular neighborhood of radius ε around YF , and call BεYF
the image of such tube. BεYF exists if for example YF is relatively compact. Define
N := exp
(
ν(YF )
∣∣
Y
)
∩BεYF , together with the metric projection pY : N→ Y . The
fiber of pY at a point p ∈ Y will be denoted by Np. The submanifold N is called local
reduction of (M,F) along Y . The foliation F intersects N in a foliation F0N := F∩N.
Notice that the leaves of F0N are contained in the fibers of pY .
Proposition 6.14. There exists a metric g˜ on N that preserves the transverse
metric of F , i.e., the distance between leaves of F0
N
is the same as the distance
between the plaques of F that contain such leaves. In particular F0
N
is a SRF on
(N, g˜).
Proof. This metric can be constructed as follows. Consider the regular distribution
S defined as Sz := TzSp where z ∈ Np and Sp is the slice through p. According to [2,
Proposition 3.1] there exists a metric g˜ on a neighborhood of N so that the normal
space of F (with respect to g˜) is contained in S and the SRF F (with respect to
g˜) has the same transverse metric of F (with respect to the original metric). Let
Π : TM |N → TN be the orthogonal projection (with respect to original metric) and
define a metric on TN as (Π|−1H )
∗g˜. Let us denote this new metric on N also as g˜.
Following [2, Proposition 2.17] we conclude that F0N is a SRF on (N, g˜).

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Suppose N is the local reduction of (M,F) along Y , and let q ∈ Y . If q′ is
another point in Lq, we can similarly find Y
′ through q′ and a local reduction
(N′,F0
N′
) along Y ′. Moreover we can do it so that there is a flow of a vector field
X tangent to the leaves that sends (N,F0N) foliated diffeomorphically to (N
′,F0
N′
).
By the properties of the metrics g˜, g˜′ on N, N′ proved in Proposition 6.14, this
diffeomorphism induces a local isometry
τ : (N, g˜)/F0N −→ (N
′, g˜′)/F0N′ .
This isometry does not depend on the choice of X , but only on the homotopy class
of the integral curve α of X joining q to q′, so we refer to τ as τ[α].
Notice that Y can meet Lq in several points qi. For every such qi, and every
curve α from q to qi contained in a leaf, there is an associated local isometry
τ[α] : N/F
0
N −→ N/F
0
N.
Let H be the pseudogroup of N/F0N generated by all isometries τ[α], for all curves
α ⊆ Lq with initial and final point in N.
Definition 6.15. The pseudogroup H defined above will be called singular holo-
nomy pseudogroup. The triple (N,F0N,H) is an example of singular Riemannian
foliation with disconnected leaves (cf. Section 3.5) which we denote by FN. The
leaves of FN are precisely the (possibly disconnected) intersections of N with the
leaves of F .
Remark 6.16. By Proposition 6.14, the inclusion N → BεYF induces an isometry
N/FN → BεYF/F that preserves the codimension of the leaves. By the main result
in [5], this map is smooth and in particular every smooth basic function in (N,FN)
extends to a smooth basic function in (BεYF ,F).
Let πF0
N
: N→ N/F0N be the quotient map, Y
∗ := πF0
N
(Y ) and pY ∗ : N/F
0
N → Y
∗
be the submetry with fibers Np/F
0
N. Note that Y
∗ can be identified with Y . It is
easy to see that
(6.11) pY = pY ∗ ◦ πF0
N
or, equivalently, that the following diagram commutes
N
π
F0
N

pY // Y = Y ∗
N/F0N
pY ∗
;;
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
A local reduction satisfies the following nice property that relates the foliated
structure of (N,F0N) with the submersion pY : N→ Y
∗.
Proposition 6.17. Any horizontal basic vector field ~ξ for pY is a horizontal foli-
ated vector field of F0
N
and for each fixed q the geodesic t → expq(t
~ξ(q)) is always
contained in the same stratum.
Proof. Let ~ξ be a horizontal basic vector field of pY . We first claim that ~ξ restricted
to the regular stratum of F0N is a foliated vector field, i.e., a basic vector field with
respect to πF0
N
. For q ∈ Np a regular point, let ξ˜ be the horizontal foliated vector
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field along Lq such that ξ˜(q) = ~ξ(q). Since pY is foliated and the F
0
N-leaves in Y
are just points, the fibers of pY are saturated by the leaves of F
0
N and therefore ξ˜
is everywhere normal to Np.
Let q′ ∈ Lq. By equation (6.11) we note that the pY -horizontal geodesics αq(t) =
expq
(
tξ˜(q)
)
, αq′(t) = expq′
(
tξ˜(q′)
)
project to the same geodesic in Y . This implies
that ξ˜(q′) = ~ξ(q′) for every q′ ∈ Lq and concludes the proof of the claim.
By the equifocality property of singular Riemannian foliations (cf. [6]), αq cannot
contain a singular point αq(t0). In fact if such a point existed then there would be
two lifts of a geodesic in Y intersecting at αq(t0), contradiction. Therefore αq is
always contained in the regular stratum.
By induction on the stratification, one can now prove that ~ξ restricted to each
stratum is foliated, and for every q ∈ N the horizontal geodesic αq is always con-
tained in the same stratum.

Corollary 6.18. Let F be an orbit-like foliation. Let q be a singular point, Y a
slice in the stratification Σ that contains q and N the reduction along Y . Then there
exists a compact group G acting on N such that the leaves of F0
N
are orbits of G,
i.e., F0
N
is a homogenous SRF on (N, g˜). In particular, if F is closed, then BεYF/F
is equal to (N/G)/H
Proof. Let G = Kq be the associated group (recall Definition 3.2). By flowing
along the foliated basic vector fields defined in Proposition 6.17, we can make G
act smoothly on the whole N, even though not by isometries.

Proposition 6.19. There exists a metric gN on N with following properties:
(a) The submersion pY : N→ Y is Riemannian.
(b) Each fiber Np is flat.
(c) The foliation F0
N
is a SRF on (N, gN).
Proof. Consider the regular distribution S defined as Sz := TzSp where z ∈ Np and
the metric g0 on S so that d(expp)v : TvTpSp → Sexpp(v) is an isometry, for each v
normal to Y . As before, let Π : TM |N → TN be the orthogonal projection (with
respect to original metric) and define a metric on TN as (Π|−1H )
∗g0. Let us denote
this new metric on N also as g0. Following [2, Proposition 2.17] we conclude that F
0
N
is a SRF on (N, g0). Moreover, since TzNp ⊂ Sz and d(expp)vTvTpSp → Sexpp(v) is
an isometry, every fiber Np is flat with respect to g0. Consider H the distribution
orthogonal to the fibers of N. We will change the metric of H in order to get the
appropriate metric gN satisfying (a) and (c). Let
gN := g0|H⊥ + p
∗
Y gY
Notice that the metric on the fibers of pY is still g0, thus condition (b) remains
satisfied. Moreover, the submersion is now Riemannian by construction.
In order to prove that F0N is a singular Riemannian foliation, it is enough to
compute the Lie derivative L ~XgN and check that L ~XgN|H = 0 for each vector field
~X tangent to the leaves. To this scope, let ~ξ1, ~ξ2 be pY -basic vector fields. By
Proposition 6.17 these vectors are foliated, and in particular for every vector field
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~X tangent to the leaves, [ ~X, ~ξi] is tangent to the leaves as well, i = 1, 2. Since
clearly ~ξ1, ~ξ2 ∈ H , we can compute
L ~XgN(
~ξ1, ~ξ2) = ~X · gN(~ξ1, ~ξ2)− gN
(
[~ξ1, ~X], ~ξ2
)
− gN
(
~ξ1, [~ξ2, ~X]
)
= ~X · g
(
pY ∗
~ξ1, pY ∗
~ξ2
)
− 0− 0 = 0.
Since F0N is a SRF with respect to some metric (e.g., the metric g˜ constructed
before), by [2, Proposition 2.14] F0N is a SRF with respect to gN.

Remark 6.20. The metric gN and the metric g˜ on N are used in Section 4 and
Section 5, respectively.
Notice that the metric gN does not preserve the transverse metric of g˜. In
particular, an isometry φ : (N, g˜)/F0N → (N, g˜)/F
0
N will not be an isometry of
(N, gN)/F
0
N. Nevertheless, we still have the following result.
Proposition 6.21. Let φ : (N, g˜)/F0
N
→ (N, g˜)/F0
N
be an isometry preserving Y ∗.
Then φ preserves the fibers of pY ∗ , and
φ
∣∣
Np1
/F0
N
: (Np1 , gN)/F
0
N
−→ (Np2 , gN)/F
0
N
is still an isometry.
Proof. The metric projection pY ∗ sends a point q
∗ to the point p∗ ∈ Y ∗ which
is closest to q∗. This is a metric condition, and since φ preserves the metric, in
particular it preserves the fibers of pY ∗ .
Given λ ∈ (0, 1) the homothetic transformation hλ : Np → Np, expp v 7−→
expp λv is a foliated map (cf. [15]) and one can define g˜λ :=
1
λ2 h
∗
λg˜ such that
(Np, g˜λ,FN) is still a singular Riemannian foliation. Moreover, since
φ
∣∣
Np1/F
0
N
: (Np1 , g˜)/F
0
N −→ (Np2 , g˜)/F
0
N
is an isometry, it will still be an isometry with respect to g˜λ. Since the restrictions
of g˜λ to the fibers of pY converge smoothly to the metric gN, the proposition is
proved. See a similar argument in [5, Theorem 1.2].

Remark 6.22. Suppose that the leaves in YF meet Y only once, for example in the
proof of Theorem 1.1. In this case the isometric action of the singular holonomy
pseudogroup (cf. Definition 6.15) H on N/F0N (as in Section 3.5) preserves the fibers
Np/F
0
N. Moreover given an isometry φ : (N, g˜)/FN → (N, g˜)/FN, Proposition 6.21
can be reproved after replacing F0N by FN. In particular, φ induces gN-isometries
(6.12) φ
∣∣
Np1/FN
: (Np1 , gN)/FN −→ (Np2 , gN)/FN.
whenever φ(p1) = p2.
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